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Abstract 
With the help of a computer, the Ramsey numbers r3(H) are obtained for each of the 19 graphs 
H with at most four edges and no isolated vertices. 
1. Introduction 
We consider only finite undirected graphs without loops or multiple edges. For 
a graph G with vertex-set V(G) and edge-set E(G), we write p(G)= 1 V(G)/ and 
q(G)= IE(G)I. There are 19 graphs H with q(H)<4 and no isolated vertices, and we 
label them HI, . . . ,H19 as shown in Fig. 1. 
For 1 <k < 19, let Fk(rz) be the set of n-vertex graphs which contain no Hk, and let 
tk(n)=max(q(G): GEFk(n)}. Let Ck(n) denote the set of n-vertex graphs which are 
critical in our context. Thus, GECk(n) if and only if GEFk(n) and the addition of any 
edge results in a subgraph isomorphic to Hk. 
Clearly, tk(n)=max{q(G): qECk(n)}. In a previous paper [6] we reported on 
a computer search for b(n) and Cg(n) for 1 <nd 31. Here, we use the same algorithm 
for determining tk(n) and Ck(n) for 1 <k< 19 and 1 <n< 17. The algorithm was 
implemented by the first author, in FORTRAN 77. The values of tk(n) are shown in 
Table 1. 
The Ramsey number rm(ffk) is the least PEN such that every assignment of 
m colours to the edges of the complete graph KP results in a monochromatic subgraph 
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Fig. 1. Graphs with at most four edges and no isolated vertices. 
isomorphic to Hk. We can often obtain bounds for rm(Hk) from the values of tk(n), as 
follows. 
Lemma 1.1. If n&(n) -=c( z) then rm(Hk) < n. 
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Table 1 
Thevaluesoft,(n)(l<k<19, l<n<17) 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
00000000000000000 
0 1 1 22334455667 7 8 8 
0 1 3 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
0 1 2 4 6 9 12 16 20 25 30 36 42 49 56 64 72 
0 1 3 3 4 6 6 7 9 9 10 12 12 13 15 15 16 
0 1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
0 1 3 6 6 6 6 7 8 9 10 11 12 13 14 15 16 
0 1 3 6 10 10 11 13 15 17 19 21 23 25 27 29 31 
0 1 3 4 6 7 9 11 13 16 18 21 24 27 30 33 36 
0 1 3 4 6 9 12 16 20 25 30 36 42 49 56 64 72 
0 1 3 6 6 7 9 12 12 13 15 18 19 21 24 25 27 
0 1 3 6 6 7 9 12 12 13 15 18 19 21 24 25 27 
0 1 3 6 7 9 10 12 13 15 16 18 19 21 22 24 25 
0 1 3 6 7 9 12 16 20 25 30 36 42 49 56 64 72 
0 1 3 6 10 10 11 13 15 17 19 21 23 25 27 29 31 
0 1 3 6 10 10 10 10 10 10 10 12 13 14 15 16 17 
0 1 3 6 10 10 11 11 12 13 15 16 18 19 21 22 24 
0 1 3 6 10 15 15 15 15 17 19 21 23 25 27 29 31 
0 1 3 6 10 15 21 21 21 24 27 30 33 36 39 42 45 
Table 2 
Upper bounds for r,(H,) 
k 123567 8 9 11 12 13 15 16 17 18 19 
r,(H,)< 2 5 7 7 8 7 12 11 10 10 11 12 9 lo 12 17 
Table 3 
The Ramsey numbers rZ(Hk), r3(HL) (1 <k < 19) 
k 1 2 3 4 5 6 7 8 9 lo 11 12 13 14 15 16 17 18 19 
r,W,) 2 3 5 6 5668 6 7 6 6 7 7 8 7 7 9 11 
r&L) 2 5 617 6 8 7 10 11 17 9 9 11 17 10 9 8 11 14 
Proof. K, is the 
The bounds are given in Table 2. 
All of Ramsey numbers rz(Hk) are known (see Cl]). of Ramsey 
numbers r3(H,J are known: r3(H1) 
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[S] have shown that rg(H4)= 17 and Clapham [3] has shown that r3(Hs)= 11; Burr 
and Roberts [2] determine r3(Hk) for k=2,6,13; Cockayne and Lorimer [4] deter- 
mine r3(H,J for k= 3,8,19. The remaining ten numbers r3(Hk) are determined in 
Section 2. The values of all of the numbers r3(Hk) (1 d k6 19) are shown in Table 3, 
where the numbers r2(Hk) are also included for future reference. 
2. The Ramsey numbers r3(Hk) 
For a given graph Hk, an m-colouring of K, will be taken to mean an assignment of 
m colours to the edges of K, in such a way that K, has no monochromatic subgraph 
isomorphic to Hk. An m-colouring is specified by m monochromatic subgraphs 
SC r, . . . ,SC, (with colours 1, . . . ,m) whose edge-disjoint union is K,. Such an m- 
colouring is extremal if (i) q(SC1)6 ... Q q(SC,), and (ii) whenever 1~ ib j<m, 
SC, + e$F,(n) for all ecE(SCi). In this situation, q(SC,)ar( :)/ml and SC,EC,(~). As 
noted in [7, Lemma 3.11, K, has an m-colouring if and only if K, has an extremal 
m-colouring. Thus, if K, has no extremal m-colouring then r,(H,)dn. Of course, if 
K, has an (extremal) m-colouring then r,(H,)>n+ 1. 
Lemma 2.1. r3(H5)= 6. 
Proof. We have r3(H5)>6 because K5 has a 3-colouring with no Hg: we may take 
SCI=K3u2KI, SC2=K,,,~K,, SC3=K13,. If K6 has an extremal 3-colouring 
SC1 u SC2 u SC3 with no H5 then SC3 is one of the two graphs in C,(6) with at least 
- 
five edges, namely, K1, 5 or 2K3. The first possibility is ruled out because SC3 contains 
K5 and rz(Hs)=5. The second is ruled out because then SC2 is a subgraph of 
K 3, 3 with at least five edges, and any such subgraph contains Hg. Hence 
r3(HJ)<6. 0. 
Lemma 2.2. r3(H7) = 7, r3(H16) = 9. 
Proof. From Table 2 the asserted values are upper bounds. The 3-colourings shown 
in Figs. 2 and 3 show that these values are also lower bounds. 0 
Lemma 2.3. r3(H10)= 17. 
Fig. 2. A 3-colouring of K, with no H,. 
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Fig. 3. A 3-colouring of K, with no H,, 
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Fig. 4. A 3-colouring of K, with no H,, and no H,,. 
Proof. Since H4 is a subgraph of Hlo, we have r3(Hlo)>r3(H4), i.e. r3(Hlo)> 17 [S]. 
Suppose by way of contradiction that K1, has a 3-colouring SC, u SC2 u SC3 with 
no H,,. Without loss of generality, SC, contains a subgraph isomorphic to Ha. The 
vertices of this 3-cycle have degree two in SC3 because SC3 has no Hlo. Such vertices 
have degree 14 in SC3 and so, without loss of generality, SC2 has a vertex u of degree at 
least seven. Since SC2 has no Hlo, the vertices adjacent to v are pairwise nonadjacent 
in SC2. Thus, SC2 contains K7, a contradiction since rz(Hlo) = 7. 0 
Lemma 2.4. r3(Hll)=9, r3(H,,)=9. 
Proof. We have r3(H11)>9 and r3(H12)>9 because Ks has a 3-colouring with no 
HII and no Hlz (see Fig. 4). 
If Kg has an extremal 3-colouring SC1 u SC2 u SC3 with no HI 1 then SC,E C, r (9) 
and q(SC3)> 12. The only graph in C,,(9) with as many as 12 edges is K1 U2K,; but 
then SC2 contains HI 1 because SC2 is a subgraph of K1 c) 2K4 with at least 12 edges. 
Hence r3(H11)Q9. A similar argument shows that r,(Hlz)69 because K1 u2K4 is 
the only graph in C,,(9) with as many as 12 edges. 0 
Lemma 2.5. r3(H14)= 17. 
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Proof. Since HI4 contains a 3-cycle, we have r3(Hi4)>r3(H4)= 17. Moreover, if 
KIT has a 3-colouring with no HI4 then one monochromatic subgraph, say SCs, has 
a 3-cycle. The remaining 14 vertices are necessarily pairwise nonadjacent in SCs and 
- 
so SCs contains K14: this is impossible because r,(H14)=7, and so r3(H14)< 17. 0 
Lemma 2.6. r3(H15)= 10. 
Proof. We have r3(H15) > 10 because Kg has a 3-colouring with no H15. We may take 
SC1=K5U4K1, SC2=(K2+K5)U2K1, SCJ=K2+K7. Suppose by way ofcontra- 
diction that Klo has an extremal 3-colouring SC1 USC2 USC3 with no H15. Then 
SC3 is the unique graph in Ci5(10) with as many as 15 edges: the complement of this 
graph is 2K1 u KS, contradicting the fact that r2(H15)=8. Hence r3(H15)< 10. 0 
Lemma 2.7. r3(H1,)=8. 
Proof. We have r3(H17)28 because K, has a 3-colouring with no HI7 (see Fig. 5). 
Suppose by way of contradiction that K, has an extremal 3-colouring 
SC1uSC2uSC3 with no HIT. Then q(S&)>lO and SC3~C1,(8). Now C,,(8) 
contains only two graphs with ten or more edges, denoted Si C3 and Sz C3 in Fig. 6. In 
the first case, SC2 is determined uniquely to within isomorphism as a subgraph of 
S1 C3 with no HI7 and at least 9 edges: in the notation of Fig. 6 we have SC2zS1C2 
and SC1 E S1 C1, a contradiction since S1 Ci contains H 1 7. In the second case it turns 
out that to within isomorphism there are just three possibilities for SC2 in our 
extremal 3-colouring: these are illustrated by S2iC2, SzzCz and Sz3Cz in Fig. 6: in 
each case SC1 contains HIT, a contradiction. Hence r3(H17)< 8. 0 
Lemma 2.8. r3(H18)= 11. 
Proof. We have r,(H,,)>ll because Klo has a 3-colouring with no H18: we may 
takeSC,=K,~4K,,SC,=(K,+K,)~2K1,SC,=K,+~s.IfK1, hasanextremal 
3-colouring SC1 ~SC2uSC2 with no HI8 then SC3~C1s(11) and q(SC3)2 19; but 
there is only one such graph and its complement is Kg u 2K1. Since r2(H18) = 9, one 
of SC1, SC2 contains H18, a contradiction. Hence r3(H18)< 11. 0 
1-2 I(>-_03 2o--o3 
Fig. 5. A 3-colouring of K, with no H,, 
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Fig. 6. Graphs in C,,(8) and related graphs. 
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Lemmas 2.1-2.8 now enable us to complete Table 3 with 10 remaining Ramsey 
numbers Y~(H,J. 
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